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Nomenclature
= aerodynamic influence coefficients matrix
= structural flexibility matrix
= structural stiffness matrix
= vector of aerodynamic roll moments due to unit

[A]

lMpe]

pb/2V - nondimensional roll rate
q = dynamic pressure

= aeroelastic load variation
= aerodynamic load variation due to unit pb/2V
= aerodynamic load variation due to unit aileron

deflection
qMpp = aerodynamic roll moment for unit pb/2V
qMpb = aerodynamic roll moment due to unit aileron

deflection
q 1 Hpu } = vector of generalized aerodynamic roll moments

due to elastic deformations
q {HUp \ - vector of generalized aerodynamic loads to unit

pb/2V
q { H u b ] = vector of generalized aerodynamic load due to

unit aileron deflection
q[Huu] = aerodynamic stiffness matrix
<5 = aileron deflection

Introduction

T HE loss of control efficiency at increasing dynamic pres-
sure is a major concern in the design of highly performing

flexible aircraft. A straightforward and simple way to guaran-
tee the maintenance of an acceptable control efficiency is to
require a high reversal dynamic pressure, i.e., well beyond the
maximum achievable at any allowed flight condition. This
type of specification has often to be taken into account during
the structural optimization for minimum weight either by
mathematical programming or by optimality criteria. The
usual method of evaluating control reversal is to follow the
steady response rate at different flight conditions and to inter-
polate for its null value. This approach is useful for aeroelastic
analyses since an extensive evaluation of controls efficiency at
different flight conditions is often required but makes it awk-
ward to include the control reversal constraint in the structural
optimization because of the difficulty of calculating its sensi-
tivity to variations of structural design variables. This brief
note shows that control reversal can be cast into a simple
eigenvalue problem whose solution and sensitivity calculations
can be obtained by well known formulas requiring standard
numerical methods.

Control Reversal
For the sake of simplicity, we will refer to the aileron rever-

sal problem. Basic texts in aeroelasticity, e.g., Refs. 1-2, usu-
ally present the problem of steady-state response to a step
aileron command in a flexibility formulation (see the nomen-
clature for a list of symbols not explicitly explained)

-q(M/!i,\Tl(pb/2y
6(1 a)

A more rarely used approach is the adoption of a static modal
formulation, i.e., the use of appropriate displacement func-
tions to cast the problem in a stiffness form, as it is usually
done in flutter analyses,3 i.e.,

-qM,,,, >-q{Hinl\
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We will not digress here about the advantages of either ap-
proaches. Instead we note that in any case the response rate is
obtained by solving Eqs. (1) for pb/2V for a unit 6 at varying
Mach number and dynamic pressure q provided that the coef-
ficient matrix is not singular, i.e., excluding a dynamic diver-
gence condition for Eqs. (1). The inversion condition can then
be simply defined by imposing pb/2 V = 0 for whatever 6. This
leads to the following eigenvalue problems

0 ! 0
6T[~/4~ = Q i/n AP,] (2a)

(2b)

which must be solved for the minimum positive q different
from zero to exclude the trivial inversion condition q = 0,
which is clearly a solution of Eqs. (2). Since in Eqs. (2) the first
line of the left-hand side is null, we can obtain <5 from the
right-hand side of the same line. After substitution into the
remaining equations, we have

(3a)
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We note that Eq. (3a) can be transformed into the same form
of Eq. (3b). In fact if we call

(4)
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then Eq. (3a) can be written by combining Eqs. (11-13) we have

(5)

Both Eq. (3a) and Eq. (5) can be put in the form

l K s ] l x } = q [ K a ] i x } (6)

where [Ks] is a symmetric and positive definite structural stiff-
ness matrix; while [Ka] is a generally nonsymmetric aero-
dynamic stiffness matrix. Generally, since the lowest eigen-
value of Eq. (6) is well separated from the others, the inverse
power method can be used to obtain the inversion dynamic
pressure by iterating the following

(7a)

<7b)

Once the right and left eigenvectors, ( x } and [ y ] , have con-
verged we calculate q{ by

iy}T[Ks]{x\
iy}T[Ka][x}

So if the constraint is expressed as

l /<7,<l /<7, (acceptable)

(7c)

(8)

Eq. (7c) shows that a design can be forced to satisfy Eq. (8) by
a uniform scaling of the structural stiffness matrix. If [Ks] is
related linearly to the design variables, i.e.,

[Ks] = LtilKti] (9)

this corresponds to a uniform scaling of the design variables
and makes it easy to produce a feasible starting point for
any optimal design procedure. Assuming that the design vari-
ables do not influence the external shape of the aircraft, i.e.,
[Ka]/tj =0, the sensitivity to a design variable t\ is given by

(10)

It can be seen that if we define a generalized displacement
vector { w } by

(11)

this can be taken as the deformation of the structure when it
is loaded by

1

In fact since (y} satisfies

(12)

(13)

Then Eq. (10) can be rewritten as

(!/?/)//,.= I , I*)

(14)

(15)

In this way the derivative of l/#, is related to an equivalent
deformation energy and has the same appearance of the
derivatives of a static displacement with ( w ) taking the part of
a displacement corresponding to an appropriate dummy unit
load.4 If [Ks] is given by Eq. (9), then Eq. (15) can be rewritten
either as

or as
(16a)

(16b)

The design variable // appears at the denominator in Eq. (16b),
and the derivatives can be assumed almost linear in the inverse
of the design variable // if C/ is approximately constant. Eqs.
(16) allow a ready adoption of the formulation just presented
either in an optimality criterion or in a convex approximation
to be used in a mathematical optimization. It must be noted
that C/ is not always positive implying that a stiffening of a
particular structural component is not necessarily in favor of
a better reversal condition and then it must be excluded from
the active set in an optimality procedure, or a direct variable
approximation must be used for a convex approximation.5"6

It must then be noted that this note has contributed a general
formulation of controls inversion in the framework of an
eigenvalue problem, i.e., Eq. (6), that is formally the same as
that of aeroelastic divergence allowing a unification of the
techniques used in the solution and sensitivity analysis of both
problems. A similar approach has in fact been already adopted
to treat the constraint on aeroelastic divergence in optimality
design methods.7

Concluding Remarks
This Note has shown that the analysis of controls reversal

can be formulated as an eigenvalue problem and that its sensi-
tivity can be obtained in a simple way closely resembling that
used in calculating the sensitivities of generalized static dis-
placements. Thus the reversal constraint can be included in any
optimal structural design process since a feasible design can be
easily obtained by uniformly scaling the design variables up-
ward. This inclusion is further eased if the design procedure
can already treat the aeroelastic divergence as what has been
previously presented unifies the formulation of the two prob-
lems.
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